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p - panel density

\ K - spring constant

Fig. 1 A finite panel resting on elastic springs.

effect of aerodynamic damping on panel flutter at supersonic
Mach numbers for various configurations, has also discussed
the problem of a panel resting on an elastic foundation.

In this paper, the flutter behavior of a thin panel resting on a
linear elastic foundation is studied, using an analogy with the
flutter of a panel of the same geometry without spring support.

Analysis
Consider a flat panel of finite dimensions exposed to super-

sonic flow on its upper surface and to still air on the other side
(Fig. 1). The panel rests on an elastic foundation, which is
mathematically idealized as closely spaced linear springs. Using
quasi-steady theory for the aerodynamic loading, Dugundji6

has made an exact linear analysis of the equations representing
flutter of such configurations. The critical flutter condition occurs
when the total damping of the system becomes zero, and the
results can be seen from Eqs. (26) and (27) of Ref. 6,

Qi/(-QR)il2 = 9T (1)
and

(-Q*)ll2 = o)Fe (2)
All the above parameters are defined jn Ref. 6. Here QR and
Qj refer to the composite system and QR and Qi represent the
system without the springs; it can be seen that QR = QR + k and
QJ = QJ. Placing these parameters into the above equations and
rearranging, one may obtain

(3)
(4)

where
y = (K/pmh)/(DF

2

Here, a>Fe is the flutter frequency of the panel supported on
elastic foundation, and COF is the flutter frequency of the same
panel without elastic support. Eq. (3) can be interpreted as a
modification of the effective damping of the panel due to the
presence of the elastic foundation. Because of the increase in total
damping, the flutter velocity of the panel generally increases with
the stiffness of the springs (see Fig. 5 of Ref. 6).

In Ref. 6, it was found that for low values of the damping
coefficient gT, the flutter dynamic pressure parameter AF is in-
dependent of gT\ for high values of gT, hF is roughly propor-
tional to it. A similar interpretation may also be given for gTe.
This means that for a low value of gT, AF increases directly with
gTe. This also suggests that for low values of gTe, it is possible
to use the quasi-static (Ackeret) approximation for aerodynamic
loading with reasonable accuracy. Further, it can also be found
from Ref. 6 that flutter modes change from standing waves at
low values of g Te to traveling waves at high values of g7-e. Hence,
the presence of springs not only affects the flutter velocity and
the flutter frequency of the panel, but can also change the type
of flutter mode, depending upon the support stiffness.

Some comment may be made concerning the flutter of two
parallel panels joined by an elastic medium, a problem dis-
cussed in Refs. 4 and 5. Here, because of the coupling of the
motion of the two plates in the presence of elastic springs, the
dynamic characteristics of this composite system are quite differ-
ent from those of individual panels. Depending upon the inplane
forces, the flutter characteristics of this configuration are very
much affected by the stiffness of the elastic medium, regardless of
whether or not damping is considered.

Conclusion
Using a simple analogy, the flutter characteristics of a uniform

panel resting on a linear elastic foundation can be easily obtained
from those of a panel of the same geometry with no elastic
support. Using quasi-steady aerodynamic loading, it may be
observed that there is not only a change in the flutter frequency,
but also of the total damping of the system, due to the elastic
foundation. Further, it is found that for small values of aero-
dynamic damping and spring stiffness, the quasi-static approach
is reasonable, whereas for high values of aerodynamic damping
or of spring stiffness, quasi-static theory will not be adequate.
Also, for high values of spring stiffness the flutter mode of the
panel exhibits traveling wave motion.
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Laminar Separated Flow over
Nonlifting Ellipses

NATHAN NESS*
West Virginia University, Morgantown, West Va.

F IGURES 1 and 2 present the results of calculations for the
laminar separated flow over nonlifting ellipses as functions of

the thickness/chord ratio t/c and the freestream Reynolds number
Re^ (= J/o c/v). The results include the laminar separated flow
over the circular cylinder as the special case when (t/c) = 1. The
calculations involve a coupling of inviscid and viscid flow, i.e.,
the inviscid analysis provides the pressure which is used in the
boundary-layer program to locate the boundary-layer separation
points.

The inviscid calculations are based on the work of Parkinson
and Jandali1 who determined the effect of the wake on several
symmetrical nonlifting blunt bodies. Their theoretical model
provides an expression for the pressure distribution along the
wetted surface PLQ of the body (Fig. 1), an expression for the
asymptotic wake height H, and an expression for the pressure
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distribution along the separation streamlines PA, QB which
decreases asymptotically to the freestream pressure at infinity
downstream. The theory in Ref. 1 is inviscid only and requires
an experimental value for the base pressure (assumed constant
over the base region PTQ) to locate the separation points P, Q.

Bluston and Paulson2 applied the theory of Ref. 1 to the
laminar separated flow over a circular cylinder. They introduced
the boundary-layer equations into the analysis thereby enabling
them to determine the separation points P, Q analytically. The
analysis in Ref. 2 involves iteration and proceeds as follows.
A separation angle /?sep,inv is assumed (Fig. 1) and the Parkinson
et al. method1 is used to provide the pressure distribution over
the wetted portion LP'. A boundary-layer analysis is then em-
ployed starting at the forward stagnation point L and proceeding
downstream along the cylinder until boundary-layer separation is
attained at point P". This provides the angle /?sep,b.i. correspond-
ing to the arc LP". This angle is compared to the assumed
inviscid separation angle j5Sep,mv The procedure is repeated until
the difference in the angles /?sep,inv — /?sep,b.i. is less than some pre-
scribed small value. At this condition the solution is unique.

The present analysis differs from that in Ref. 2 in the following
ways. 1) The present analysis applies to ellipses whereas Ref. 2
considered only the circular cylinder. 2) The present analysis
uses the finite difference method of Ref. 3 for the solution of the
boundary layer equations. 3) The present analysis uses a search
method to indicate convergence between the assumed inviscid
separation angle /?sep?inv and the boundary-layer separation angle
/?seP,b.i.- The search method involves assuming values for /?sep,inv
until (within the accuracy of the calculations) its value and that
of /?sep,b.i. are equal. The solution is then unique and provides
the dimensionless asymptotic wake height H/c, the streamline
separation angle /?sep, the pressure coefficient at the base of the
body cpbase (assumed constant over the region PTQ), the pressure
coefficient and the skin friction coefficient on the wetted portion
PLQ. Integration of the pressure coefficients provides the pres-
sure drag coefficient cdp and integration of the skin friction
coefficient provides the skin friction drag coefficient cdf. Their
sum gives the total sectional drag coefficient cd.

Calculations were performed for (t/c) = 0, 0.3, 0.6, 0.8, 1 and
for freestream Reynolds numbers Re^ from 104 to 4 x W.
Results are presented only for those combinations of t/c and
Re^ which resulted in laminar separation.

Figure 1 shows the dimensionless wake height H/c, the stream-
line separation angle /?sep, the base pressure coefficient cpbase, and

the pressure drag coefficient cdp as functions of t/c. For laminar
separation the calculations show that these results are indepen-
dent of Re^. The dimensionless wake height remains practically
constant for the range of t/c considered: it decreases from
(H/c) = 1.23 at (t/c) = 1 to (H/c) = 1.02 at (t/c) = 0.3. The stream-
line separation angle decreases from /?sep = 80° at (t/c) = 1 to
/?sep = 28° at (t/c) = 0.3. The decrease in /?sep as t/c decreases is
probably due to the increased adverse pressure gradient as the
nose radius decreases. The base pressure coefficient has the value
cpbase = ~ 1-18 at (t/c) = 1 and appears to be approaching zero
as t/c goes to zero. The pressure drag coefficient has the value
cd = 1.24 at (t/c) = 1 and decreases to zero for the flat plate,
(tjc) = 0. Some test data from the literature are as follows:
Hiemenz (p. 162, Ref. 4) for laminar separation over a circular
cylinder obtained /?sep = 81°. The value of Re^ is not given.
Roshko5 from tests on a circular cylinder for laminar separation
atR^oo - 1.45 x 104 obtained ftep - 80°,cPbase = - 0.96. Wiland6

from tests on ellipses for laminar separation at Re^ = 6.8 x 104

obtained for the base pressure coefficient the following: (t/c) —
0.8, cnase= -0.96; (t/c) = 0.6, cpbase = -0.71. It is noted that
Wiland obtained the same value for the base pressure coefficient
at (t/c) = 0.8 as Roshko did for the circular cylinder. Correlation
of the theoretical curve with test data for cpbase is poor; cor-
relation of theory with test data for /?sep is good. The test points
are not shown in Fig. 1 in order to keep that figure uncluttered.

Figure 2 presents the total drag coefficient cd as a function of
the freestream Reynolds number at constant values of t/c. The
solid lines in the figure represent the theoretical curves and
include the skin friction coefficient cdf. The skin friction con-
tribution to the over-all drag increases as t/c and Re^ decrease.
At (t/c) = 1 and Re^ = 2 x 105 the skin friction drag is only
0.5% of the total drag; at (t/c) = 0.3 and Ren - 104 the skin
friction drag has increased to 17% of the total drag while for the
flat plate, the total drag, of course, is all skin friction drag.
These observations explain the slope of the curves in Fig. 2.
At (t/c) = 1 the total drag is practically all pressure drag and
as shown in Fig. 1 remains constant with Re^; hence for (t/c) = 1
the cd vs Re^ curve is horizontal. As t/c decreases the skin fric-
tion drag, which depends on Re^, contributes a'larger percentage
to the over-all drag. The result is that the slope of the cd vs Re^
curve becomes more negative and approaches the flat plate slope
in the limit as t/c approaches zero. The flat plate result in Fig. 2
is obtained from the Blasius relation [Eq. (7.34), Ref. 4]. Included
in the figure are several test points. Those for the circular cylinder
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were obtained from Fig. 1.4, Ref. 4, while those for the ellipses
were obtained by Wiland6 at Re^ = 6.8 x 104. Wiland's results,
after being corrected as indicated on page 60 of his report are:
(t/c) = 0.8, cd = 0.67; (t/c) = 0.6, cd = 0.40. These test results are
compared to the theoretical values: (t/c) = 0.8, cd = 0.71; (t/c) =
0.6, cd = 0.34. Thus the percentage deviation of the theoretical
value from the experimental value is as follows. For (t/c) = 0.8,
percentage deviation = 6%; for (t/c) = 0.6, percentage deviation
— 15%. Details of the analysis, the computer program, and
additional results are contained in Ref. 7.

In conclusion, the method presented here for the laminar
separated flow over nonlifting ellipses appears to be in reasonable
agreement with the available experimental data especially for the
drag coefficient.
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Galerkin Finite Element Solution for the
Stability of Cantilever Columns
Subjected to Tangential Loads
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Introduction

STABILITY of nonconservative systems has been well dis-
cussed in the works of Bolotin1 and Leipholz.2 Recently, the

finite element method has been successfully applied to the sta-
bility analysis of nonconservative systems. Barsoum3 developed
a finite element formulation based on the variational approach,
whereas Kikuchi4 presented a finite element formulation based
on Mikhlin's5 work on the Galerkin method. It is interesting
to note that both the above formulations3'4 gave identical
element matrices for the stability analysis of cantilever column
with a concentrated tangential load at the free end. In this Note,
a different finite element formulation based on the weighted
residual method using the Galerkin criterion is presented. Three
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problems concerning the stability of uniform cantilever column
subjected to tangential loads are presented. The results indicate
that the convergence of the present finite element method is
excellent and even with a two-element idealization, very accurate
results are obtained.

Finite Element Formulation

The differential equation governing the lateral motion of a
column with tangential load, in the nondimensional form, is given
by (x = 0 is fixed end and x = 1 is the free end).

W"" + Af(x) W" - Q W = 0 ( 1 )
where ' denotes differentiation with respect to x. Here, three
cases are considered :

Case 1 : Subtangential concentrated load P at the free end for
which A = PL2 /El and /(x) = 1, where L is the length of the
column, E is the Young's modulus and / is the moment of inertia.

Case 2 : A uniformly distributed tangential load of intensity q0
per unit length, for which A = q0L3/EI and /(x) = (1 — x).

Case 3 : A triangularly varying tangential load q of intensity
q — qo(l — x), for which

A = q0 L4/EI and /(x) = i(l - x)2

Q is the frequency parameter defined as Q = mat2 L4/ El, where
m is the mass of the column per unit length and co is the
circular frequency.

The boundary conditions are :
1) at x - 0 W = 0 and W = 0 (2)
2) at x = 1 W" = 0 and W'"-A(y- \)W = 0

(for case 1) (3)
(Here y = 0 represents Euler column and y = 1 represents
Beck's6 column) W" = 0 (for cases 2 and 3).

In the present finite element formulation, the domain of the
column is subdivided into a number of elements. A seventh
degree polynomial in x is assumed over each element as

We= [1 x x2

where
x7]{a}e

a6 a7 a8]

(4)

(5)
Equation (4) is concisely written as

e (6)
The eight undetermined coefficients o^-cxs are determined by the
nodal parameters W, W, W", W" at each end of the element as

where
W=[Wi W[ W! W?' W2 W2 W2 W2'] (8)

From Eqs. (6) and (7), we obtain
We=W{d}e (9)

where

Substituting Eq. (9) in Eq. (1) we get the residual Re for the
element as

}e (11)
In the Galerkin finite element method, the weighted residual is
minimized as

(12,

The process is repeated for all the elements and after the usual
assembly procedure, one gets the matrix equation as

' [K']{d}+A[KG]{d}-n[M]{d}=0 (13)
where {6} is the vector of nodal displacements of the structure.

The critical load Acr is obtained from Eq. (13) following the
well known dynamic criterion where the two lowest frequencies
just degenerate. It is to be noted here that the boundary conditions
represented in Eqs. (2) and (3) can be easily satisfied for cases
(2) and (3) in the present formulation. For case (1), a congruent
transformation has to be effected so that \W"' — A(y — \)W] will


